Optimal Determination of the Vapor

Pressure Critical Exponent

Correlations producing thermodynamic property tables employ the con-
cepts of scaling with increasing frequency in the vapor-liquid critical region.
One of the important concepts is that the vapor pressure equation should
provide infinite curvature and finite slope y. at the critical point. The vapor
pressure critical exponent ¢ describes the divergent curvature in a power law
expression.

This paper provides an extensive study of §. We have determined an
optimal value of § by two general approaches: a curve fit method (CFM)
which employs least-squares analyses, and a numerical derivative method
(NDM). The CFM is interpolative but requires a vapor pressure equation,
while the NDM is extrapolative but is independent of the vapor pressure
equation,

The vapor pressure equations, which satisfy scaling concepts most
closely, exhibit a very flat minima for the CFM. As a result, the values of
6 which provide reasonable correlations vary over an appreciable range (de-
pending upon the compound, form of the equation, and the temperature
range). The NDM did not present any particular difficulties. Our overall
weighted average for ¢ is 0.199 with a standard deviation of 0.052, while the
overall numerical average was 0.225 with a standard deviation of 0.045; the
final recommended value of ¢ is 0.22 = 0,04,
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Scaling theory predicts a nonanalytic vapor pressure
equation in which the vapor pressure critical exponent ¢
characterizes divergent curvature (Stanley, 1971). Non-
analytical vapor pressure equations (which include §) have
increased the accuracy of correlating vapor pressure data,
especially near the critical point (CP), The question of
whether 4 is the same for all compounds (universal) is basic
to understanding the behavior of real fluids. Values of ¢
abound in the literature ranging from zero (Kierstead,
1971) to 0.5 (Goodwin, 1969), while scaling theory pre-
dicts about 0.1 (Vicentini-Missoni et al., 1969; Widom
and Rowlinson, 1970) when the variables of chemical po-
tential and temperature are mixed. Scaling in the mixed
variables of pressure, temperature, and chemical potential,
however, predicts § = « + 8 = 0.47.

The general objectives of this work are to present a de-
finitive study of 6, to explain the differing literature values,
to determine the factors upon which ¢ depends, and to
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select the best, present value complete with error band
from the available data. Factors considered were: general
method for ¢ determination, selection of a vapor pressure
equation (when required by the method), temperature
range of the data, and variation of the critical temperature
and pressure. Our objective was not to fit accurately vapor
pressure data from the triple point to the critical point with
a minimum number of parameters; a companion project
(Nuchols, 1976) had that goal.

Specifically, optimum values of § were obtained by two
general methods: a curve fit method (CFM) and a numeri-
cal derivative method (NDM). The CFM requires mini-
mization of an objective function which contains an as-
sumed vapor pressure equation. Two minimization tech-
niques were employed: nonlinear least squares (NLS) and
maximum likelihood (ML). The NDM, presented for the
first time, does not require the assumption of a vapor pres-
sure equation,

Power law equations derived from the scaling hypothe-
sis are only asymptotically valid approaching the CP; there-
fore, unsmoothed vapor pressure data of high precision
with a minimum of ten points within 109, of the critical
temperature are necessary for analysis. The substances
studied were carbon dioxide, ethane, ethylene, helium-4,
methane, oxygen, and water.
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CONCLUSIONS AND SIGNIFICANCE

The vapor pressure critical exponent ¢ from this work
appears to have a universal value of 0.22 =+ 0.04. Varia-
tions in § reflect the temperature range of the data and the
assumed forms of the vapor pressure equation. The ex-
ponent was less sensitive to the general method of calcula-
tion and small variations of critical temperature along the
vapor pressure/critical isochore curve,

The broad minimum of the least-squares objective func-
tion minimized by the curve fit method appears to be the

major reason for the variation in § (0 to 0.50) found in re-
cent literature. Values of # in the range 0 to 0.50 will ade-
quately represent individual data sets for individual vapor

pressure equations for carbon dioxide, helium-4, methane,
oxygen, and water within experimental accuracy. Highly
precise data, such as those for ethylene and ethane, pro-
duce a range of ¢ from 0.1 to 0.3 for various individual
equations.

The similarity of physical behavior in the critical re-
gion of the various types of phase transitions led to the
scaling theory, a sophisticated corresponding states ap-
proach which uses two scale factors as the independent
field variables. All the critical exponents are then uni-
versal, but two amplitudes in the many power laws are
system dependent. A readable account of scaling and
universality has been recently published (Levelt Sengers,
et al., 1977).

Simple scaling theory (Stanley, 1971) predicts a di-
vergence of the second derivative of the vapor pressure
with respect to temperature at the critical point CP as

(dPpor/dr?) ~ 178, (r=0) (1)

where 7 = 1 — T/T. and Por = P,/P.. Positive values of
0 obtained from experimental data verify this divergence
from the two-phase side of the CP. Simple scaling theory
also predicts infinite curvature at the CP for the critical
isochore (r = 0), but this anomaly has been neither veri-
fied nor disproved experimentally. Indeed, the single-
phase, critical isochore appears to be very straight in the
critical region (or §* =0) (Rowlinson, 1958; Vicentini-
Missoni et al., 1969).

To prevent divergence of the second temperature de-
rivative of chemical potential at the CP, the Yang-Yang
identity (Yang and Yang, 1964) and simple scaling
theory also require that 8 equals a, the analogous critical
exponent for divergence of the isochoric heat capacity
Cv. Experimental measurements of Cy along the critical
isochore do show divergence with the same exponent as
the CP is approached from either the single- or two-phase
side. Measurements in the past decade have generally
provided values of a between 0.10 and 0.15 in agreement
with the theoretical value of (1) from the three-dimen-
sional Ising model of the lattice gas.

Disagreements with the simple scaling result § = « =
(%). have recently arisen in the literature, First, Hall and
Eubank (1976) found (1-28), a value definitely greater
than %, to be a lower bound of § by applying the Clapey-
ron identity to empirical equations supported by experi-
ment in the critical region (B is the critical exponent re-
lated to the coexisting phase density differences). Second,
Goodwin (1975), Baehr et al. (1976), and Wagner et al.
(1976) have found ¢ to be 0.5 (or higher) while fitting
their various nonanalytic vapor pressure equations. These
higher values (¢ > 0.5) conflict with a critical exponent
inequality derived from thermodynamics by Griffiths
(1967):

=at+p (2)

where & + 8 =~ 0.5 (max).
AIChE Journal (Yol. 24, No. 6)

Revised scaling theory (Rehr and Mermin, 1973) does
not change the contention that 9 equals « because the two
scaling variables are linear combinations of a temperature
variable  and a chemical potential variable Aug = (e —
#)/RT.. Further revisions of the theory to allow scaling
variables that are linear combinations of r, Aur and a
pressure variable (P — P)/P, can provide § = o + B8 ~
0.5 (max) (Nicoll et al., 1975).

THE VAPOR PRESSURE EQUATIONS

Because Equation (1) applies asymptotically upon ap-
proaching the CP, a series of correction terms are ve-
quired to correlate vapor pressure data over any finite
temperature range immediately below T:

(d?Pop/dr®) = Cyr=8(L 4+ o +...) (3)
Truncation after one correction term leaves
(d®Por/dr?) = Cy7=9 + Cyr—# (4)
which becomes upon integration
(dPgr/dr) = — Yo+ C1(1 — §) ~171-90
+ Co(l 4+ 5 — g)"tri+i—6  (5)
and
Pop=1— v+ Cy(1—8)"1(2 — )~ 1r2—8
+Co(l+9—0)"1X (24+9—0)"12t10 (6)
where the slope of the critical isochore at the CP
Yo = (Te/Pe) (3B/aT ) frmr, = — (dPor/dr)|e=o ()

and unity are the constants of integration. The extended
scaling value of 4 is 0.5 (Wegner, 1972), while the linear
term 1 — ycr is an analytical background. Equation (8),
which contains a minimum, necessary background, can be
generalized as
Por = Do(7) 4+ Egr?=0 + Fgr2*u—0 (8)
where D,(r) is any analytic function of temperature such
that Do(0) = 1, and the first derivative Dy'() has the
limit D/ (0) = —ye.
For example, the vapor pressure equation of Hastings

and Levelt Sengers (1977) assumes F, = 0 and a cubic
polynomial for D,(r) or

P, = Dy 4 Dor + Dygr2 + Dyr® + Es27° 9)
where D; = P, and D, = —y.P,. Differentiation of Equa-
tion (9) followed by rearrangement to a form similar to
that of Equation (3) provides
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(d?Por/dr?) = E®+=%(1 + Ds®r® + Ds*+*9)  (10)

where E° = (2 — ) (1 — 6)E, Dy* = 2Dy/E®, and
D;' = 6D4/E°.

PROCEDURE

Curve Fit Method (CFM)

We fit vapor pressure data to specific equations by non-
linear least-squares analysis and maxmium likelihood. The
first technique consists of a linearization of the objective
function (or variance)

N

S, W(aP)2= (N — M)~ 3 [W(P, — Peg)?];
i=1

(11)

We used the Gauss-Newton method as described by Hust
and McCarty (1967) and Gielen et al. (1973). Walton
(1977) lists the computer program VAPPRESS. When
convergence failed for a number of the data sets, a direct
search established the nonlinear parameters ¢ and =.

One vapor pressure equation was Equation (6), writ-
ten as

Por — 1 = 1Agr + 1Ag™s + 1404+ (12)

where 14; = —¢,, 1A3 = 2 — 4, and 'A; = 7. Although
repetitious, we carefully rewrite here the vapor pressure
equations of the previous section using *4; to denote free
(adjustable) parameters found by minimization of the
objective function. Any parameters other than *A; (such
as ¢ and 5) which appear explicitly in the following
equations are input as constant values and are not ad-
justed. For example, the constants A, - - 'As were deter-
mined from minimization of the objective function for
Equation (12) holding T. and P, fixed at their experimen-
tal values. When convergence failed, P, was allowed to

float by fitting
P, = 2A;r + 2A5" 4 2ArCAst4e) - 24, (13)

where 24, is the computed value of P, and ¢, = — 24,/
2As.

When Equation (13) failed to converge, we mapped
the objective function vs. § and # by linear fits of the
equation

Py = 3Ayr + Ap?—9 + BAy2 410 4 34

for chosen values of 4 and 4.

Results from Equation (14) indicated that the higher-
order, nonlinear term is often unnecessary, so we also
studied equations corresponding to (13) and (14):

(14)

o = 4Air + 4Agth 4 1A, (15)

and
P = SApr + SAy=0 + 54, (16)
Equation (9) was studied in the forms
J BT A A At SAr 4 Ay (1)
an
Py = TAyr + TAgr? =0 4 TAg? + TAsr® + A, (18)

Numerical Derivative Methcd (NDM)

Close to the CP, the higher-order, nonlinear term of
Equation (5) becomes negligible, leaving

(dPog/dr) = C(1 — 8) 71178 — ¢

In(ye + dPog/dr) = (1 — 8)Inr + InCy (1 — 6) -1
(20)

Within the temperature range 0 = r = 0.1, Equation (20)
yields a straight line with slope (1 —§) when In(y, +
dP;g/dr) is graphed against Inr.

Numerical derivatives (dPor/dr) result from applica-
tion of various central and end point derivative formulas
(Hildebrand, 1974) to vapor pressure values interpolated
on even temperature intervals by the iterative Lagrangian
procedure (Moursund and Duris. 1967). A nine point
central difference formula was used, when possible, to
obtain accurate derivatives. Because of the precision of
the various data sets, little fluctuation was observed in
the derivatives; central difference with fewer points
agreed roughly with the derivatives from the nine point
formula. Next, we used these derivatives as input for a
weighted least-squares analysis (Young, 1962) of Equa-
tion (20), rewritten as

]Il(l[le + DR) = Bllm- + Bz' (21)

An optimum value of Y, Yo, Was found by varying ¢, for
repetitive fits of Equation (21) until the minimum of the
sum of the weighted, squared deviations of In(y: + Dg)
resulted. The optimum value of ¢ then equals (1 — B;)
for P, = Yeo. Walton (1977) provides the computer pro-
gram NUMDVFIT,

Weighting Factor

Levelt Sengers (1970) notes that “experimental points
have to be carefully weighted to allow for diminishing
precision when the CP is approached.” This increase of
experimental error arises largely from the increasing im-
portance of gravitational effects which create large den-
sity gradients in the sample. Restricting the height of the
cell to about 1 cm diminishes these density and pressure
gradients.

(19)
or

TaBLE 1. VAPOR PRESSURE DATA SOURCES

Compound identification Vapor pressure data reference
Carbon dioxide A Levelt Sengers and Chen (1972)
Carbon dioxide B Levelt Sengers and Chen (1972)
Ethane Douslin and Harrison (1973)
Ethylene A Douslin and Harrison (1976)
Ethylene B Hastings and Levelt Sengers (1977)
Helium A Roach (1968)

Helium B Kierstead (1971)*
Methane Prydz and Goodwin (1972)
Oxygen A Hoge (1950)

Oxygen B Wagner et al. (1976)
Water A Osborne et al. (1933)
Water B Osbome et al. (1933)

® Measured first derivatives of the vapor pressure.
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Critical point reference

Moldover (1974)

Levelt Sengers and Chen (1972)
Douslin and Harrison (1973)
Douslin and Harrison (1976)
Moldover (1974)

Roach (1968)

Kierstead (1971)

Jansoone et al. (1970)

Hoge (1950)

Wagner et al. (1976)
Osborne et al. (1939)

Blank (1969)
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0 02

Fig. 1. Objective function contours for Equation (14) with carbon
dioxide A.

In this work, the assumption of normally distributed
relative error in the pressure measurements leads to

Wi = [(Pori — 1)/Psr;]? (22)

This weighting factor agrees with the observation of
Verbeke (1970) that the errors in pressure in the critical
region depend on (P, — P,) rather than P, alone.

Data Selection

The leading anomalous term 2~% of Equation (6) is of
high order; thus accurate values of ¢ cannot be extracted
from extremely narrow temperature bands below T.. The
asymptotic range is small, however, and a range large
enough to include significant contributions from the
7278 term will also include contributions from still higher-

1 o1

1 1 l 1 1

0 0.2
2]

Fig. 2. Objective function contours for Equation (14) with ethane.

06

order terms such as +277~¢ (Hastings and Levelt Sengers,
1977}.

The experimental data chosen were those with the most
precise, unsmoothed values available with a minimum of
ten points in the temperature range considered: 0 = r =

0.1, The seven different compounds with ten different data

sets were labeled as in Table 1 to account, in some cases,
for different fixed values of T, and P, All units have
been converted to SI. No adjustment has been made for
the different temperature scales except for methane and
water B, where the critical temperature is adjusted to
match the scale of the vapor pressure data. A detailed
discussion of gravitational errors is beyond the scope of
this manuscript; fortunately, considerable literature is
available (Kim et al., 1974; Yang et al,, 1977).

TabLE 2. CoNvERGED NLS REsuLTs ¥or ETHYLENE A®
Experimental values: T, = 28235 K P; = 5041.97 kPa

(12)/13
0 < 7=0.086

(13)/13
0 < 7+=0.086

(Equation)/data points
temperature range

(17)/13
0 < +=0.086

(15)/13
0<7r=0.086

6 (cq) 0.208 (0.004) 0.175 (0.015) 0.120 (0.048) 0.258 (0.003)
Ve (ay) 6.370 (0.002) 6.353 (—) 6.350 (—) 6.426 (—)
Max. absolute % dev. 0.004 0.001 0.001 0.025

Avg. absolute % dev. 0.001 <0.001 <0.001 0.010

op, kPa 0.1248 0.0309 0.0353 0.8461

T W(AP)2, (kPa)2 x 106 1.7 0.56 0.59 133

Ay (1)
Az (o2)
Az (o3)
A4 (04)
As (o5)
Ag (v6)

—6.3695646 (0.002)
9.5355451 (0.12)
1.7917923 (0.004)

—6.4224926 (1.9)
1.5476244 (0.24)

—32013.824 (32)
97 197.674 (48000)
1.8249188 (0.015) 1.8796755 (0.046)
—22 303.976 (817) —41 332.797 (51000)
0.83294414 (0.21) —17 090 259 (5100)
5041.7372 (0.061) 5041.7267 (0.066)

—32 405.999 (32)
43 575.987 (143)
1.7415751 (0.003)
5043.1001 (0.24)

—

—32028.219 (32)
53 612.906 (3200)

© Values for the A: are reported to eight digits to allow reproduction of our fits only.
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TasLE 3. EFFecTt oF TEMPERATURE RANGING FOR ETHYLENE A Usinc EQuaTioN (15)*®
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¢ The values of the Ai listed here only demonstrate size and cannot be used to reproduce results using Equation (15).

RESULTS

Curve Fit Method

Nonlinear Least-Squares Technique (NLS). Initial at-
tempts to minimize the objective function with Equation
(13) failed. Next, Equation (14) was used to calculate
the objective function at fixed values of ¢ and =, with the
remaining parameters determined by linear least squares.
Repetition at incremented values of 4 and % produced a
three-dimensional surface for the objective function for
carbon dioxide A, ethane, ethylene A, ethylene B, helium
A, methane, oxygen A, oxygen B, and water B. The sup-
plemental tables contain values of the objective function
for ¢ ranging from zero to 0.6 at 0.1 intervals, with
ranging from 0.1 to about 0.8, depending upon the com-
pound.

These surfaces were of two classes. The first and larger
class possessed flat error surfaces as illustrated by Figure
1 for carbon dioxide A. The objective function changed
less than two orders of magnitude while ¢ was varied
over its full range. This class also included helium A,
methane, oxygen A, oxygen B, and water B, although the
latter exhibited somewhat larger variations. The second
class, which included ethane, ethylene A, and ethylene B,
was characterized by steep error surfaces with variations
over five orders of magnitude in the objective function as
shown in Figure 2 for ethane.

The asymptotic value of § immediately at the CP could
be found theoretically from the infinite series form of
Equation (14):

P=P.+ Ayr + 270 [ 2 Ajporn ] (23)
i=0

We have found the optimum value of § to be about 0.22
when the series of Equation (23) is set to unity. The
addition of a second term in the series [that is, Equation
(14)] provides the contours of Figures 1 and 2. It is
obvious from these contours that 8 and % are highly cross
correlated so that the asymptotic value of # cannot be
found from even our most precise vapor pressure data at
present.

The minima obtained from these searches then were
used as starting values of # and 4 to provide global minima
for Equation (13) for ethane, ethylene A, ethylene B, and
methane. The other data sets did not converge. For these
sets, various values of 6, with 5 corresponding to a near
minimum in the objective function, were used to deter-
mine the fit of the data, These unconverged results are
in the supplement with values of § ranging from 0.0 to 0.6.

Similar one-dimensional searches were performed at
various fixed values of 4 for Equations (16) and (18).
The value of § minimizing the objective function was then
used in the general form of these equations, Equations
(15) and (17), respectively, Only ethylene A converged
to a possible value of 8 for Equation (17), while Equation
(15) converged to a reasonable solution for all compounds
analyzed.

Tables 2 and 3 give the complete NLS-CFM results for
ethylene A with y = 1.34 (o, = 0.24) by Equation (12)
and v = 0.85 (o0 = 0.23) by Equation (13), with o
being the standard deviation. A summary of NLS results
for the substances of Table 1 is given in Table 4. NLS did
not produce meaningful results for carbon dioxide B,
helium B, and water A for any of the equations. Table 7
contains weighted average values of ¢ and oy from the
various converged equations by NLS. The weighting fac-
tor was the inverse square of the standard deviation or
0‘9"2.

AIChE Journal (Vol. 24, No. 6)



TaBLE 4. SuMmMaRY OF NLS RESULTs FOR THE VARIOUS SUBSTANCES

Least-squares fit results Experimental
Substance Equation [/} o9 Tmax # points 1 oy Ve P, P, T.
Carbon dioxide A (13) Did not converge
(15) 0.295 0.016 0.095 73753 304.127
0.263 0.011 0.049
0.123 0.034 0.020
Ethane (12) 0.1702 0.0066 0.089 10 0.646  0.097 487176 305.33
(13) 0.127 0.031 0.089 10 0.646 0.097 6.427 4 871,76
(15) 0.2677  0.0047 0.089
0.2503  0.0040 0.073
02306  0.0022 0056
(17) Did not converge
Ethylene A (12) 0.208 0.004 0.086 13 6.370 504197 282.35
(13) 0.175 0.015 0.086 13 6.353
(17) 0.120 0.046 0.086 13 6.350
(15) 0.258 0.003 0.086 13 6.426
0.241 0.003 0.068 12 6.399
0218 0.001 0.050 11 6.371
0.221 0.004 0.033 10 6.373
0.179 0.006 0.015 9 6.354
. 0.179 0.016 0012 8 6.354
(13) 0.192 0.002 0.157 17 6.358
(13) 0.196 0.009 0.157 17 6.362
(17) 0.32 22 0.157 17 6.4
Ethylene B (12), (17) Did not converge
(13) 02217 0.0094 0.086 24 42 2.3 6371 503936 50390 282,344
(15) 0.2493  0.0031 0.086
0.2133  0.0027 0.043
Helium A (13) Did not converge
(15) 0.093 0.015 0.049 227.31 5.1888
0.13 0.20 0.019
Methane (13) 0.21 0.15 0.097 21 26 12 5999 459688 4595.7 190.53
(15) 0.259 0.012 0.097
0.246 0.033 0.071
0226 0.043 0.065
0.256 0.057 0.061
0.143 0.053 0.055
0.217 0.068 0.050
0.324 0.083 0.045
0.040 0.064 0.040
Oxygen A (13) Did not converge
(15) 0.2608 00093 0099 5 080.8 154.78
0.242 0.028 0.057
017 0.12 0.030
Oxygen B (13) Did not converge
(18) 0.253 0.013 0.094 5043.0 154,581
0.144 0.043 0.062
0.25 0.040 0.046
Water B (15) 0.3379  0.0061 0.099 2 206.2 647.06
02871 0.0076 0.068
0.254 0.056 0.018

Maximum Likelihood Technigue (ML). The maximum
likelihood method of Britt and Luecke (1973) was used to
analyze ethane, ethylene A, and ethylene B data. The
other compounds were omitted owing to computer ex-
pense. Briefly, maximum likelihood weighting factors are
based upon the experimental precisions of both the pres-
sure and the temperature measurements. The results are
generally superior to those from NLS. Except for data of
extreme precision, however, the degree of improvement
does not justity the considerable, additional expense.

Table 5 summarizes the ML results for ethylene A,
where Equation (13%) is the same as Equation (13), ex-
cept ML determines T.. Equation (17) would not con-
verge for ethane and ethylene B despite variation of the
temperature range. Convergence was obtained with ethyl-
ene A over a wide temperature range (r = 0.157), but the
standard deviations oy of the coefficients A; are equal to

AIChE Journal (Vol. 24, No. 6)

or greater than the respective coefficients, In general, in-
creasing the data range and fixing P, and T, to the ex-
perimental values appears to increase the probability of
convergence, decreases the standard deviations of the co-
efficients, and increases the average absolute percent devi-
ation,

The weighted average results for 6 by Equations (13),
(13*), and (15) are 0.197 (o = 0.030) for ethane,
0.192 (o9 = 0.004) for ethylene A, and 0.233 (o =
0.049) for ethylene B. Comparison with the NLS results
of Table 7 shows the values of 8 are in excellent agreement
for each data set, but the ML results provide smaller
standard deviations except for ethylene B. For each of the
data sets of Table 4 not included in the ML analysis, it
appears safe to conclude that ML would produce an
average § value within one standard deviation of that
given in Table 7,
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(Equation)/
data points
temperature
range

0 (oe)
Ve (“lb)

Max. abs. % dev.
Avg. abs, % dev.

op, kPa

or X 105, K
Tc (or), K
Ap (o1)

Az (o02)

Az (o3)

Ay (og)

As (o5)

Ag (ag)

TaBLE 5. MaximMum LixeLmoop RESULTS FOR ETHYLENE At

Experimental values: Tc = 282.35 K P, = 5041.97 kPa

(13)/17
0<r=0.157

0.192 (0.002)
6.358 (0.001)
0.001
0.0004
0.021
1.3
Exp.

~32 000 (6)

50 000 (340)

1.808 (0.002)

—27 000 {390)
1.236 (0.039)

5041.54 (0.01)

(13°)/17
0<7=0.157

0.196 (0.009)

6.363 (0.009)

0.001

0.004

0.022

14

282.40 (0.11)
—32 000 (46)
50,000 (1100)

1.804 (0.009)
—27 000 (500)

1.28 (0.1)

5047 (13)

§ Values of the A¢ are included for comparative purposes only and will not reproduce results.

(17)/17
0 < 7=0.157

0.32 (29)
6.4 (5.9)
0.003
0.001
0.091
4.3
Exp.
—32 000 (30 000)
24 000 (360 000)
1.68 (29)
31000 (470,000)
—34 000 (180 000)

TasLE 6. NDM ResuLTs FOrR ETHYLENE A
Experimental values: T, = 282.35 K P, = 5041.97 kPa

Data points 34 29 24 19
temperature
range 0.002 = r = 0.06 0.002 =;=0.05 0.002 = r = 0.04 0.002 = r = 0.03

0 (og) 0.225 (0.003) 0.218 (0.005) 0.213 (0.008) 0.212 (0.017)
Yeo 6.375 6.370 6.366 6.365
A(¢co -+ DR)
Avg. abs. % dev. 8.11 6.51 5.16 4.79
Max. abs. % dev. 0.42 0.43 0.49 0.60

Except for Equations (15) and (17), the coeflicients
A4 and Ajs of Tables 2 and 5 represent, respectively, the
multiplier and exponent (5) of the second anomalous
term. Often o4 is the same order of magnitude as A, indi-
cating that this second term is not required by the data.

Numerical Derivative Method (NDM)

Table 6 contains the complete NDM results for ethylene
A to compare with Tables 2, 8, and 5. Note the increase
of o as the number of data points decrease from thirty-

T T %o T
a)

0\(:?1'\5
zfn\a
Y 2N

O\‘ 4

- 0-r, E

Z

o6

.

N

AW

Q

1

6
103 x
Fig. 3. Reduced vapor pressure slope for ethylene A (T, — 282.35 K,

P: = 5041.97 kPa). Legend shows temperature ranges corresponding
to Table 6.

A
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8 10
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four (+ = 0.060) to nine (= = 0.018) but the relative
constancy of § which is always within one standard devia-
tion of § = 0.221 (Table 7). Figure 3 illustrates the lin-
earity of In (Yo + Dg) vs. In 7 for data ranges of = =
0.060, r = 0.034, and r = 0.016. The figure contains only
the data points nearest T, (which provide the maximum
deviation from linearity),

Complete NDM results for carbon dioxide A and B,
ethane, ethylene B, methane, water A, and water B are

T T T T T lb\%‘"é T
1.0F ;,7’54“ l
o8} 2 !

S
-y
th 0.6} jﬂ 7
+ I
Q /
5° 041 7
o 292.127—303.127 K
Vo™ 6.997, 6 20,2038
0.3 ——0 297127—303.127 K
%°= 6966, §=0.540
. 292/9-3039 K
02y Ttwyrroor Bodzors |
3 4 [ 8 10 20 30 40
103 x =

Fig. 4. Reduced vapor pressure slope for carbon dioxide A (T, =

304.127 K, P, = 7375.3 kPag, circles and squares) and carbon dioxide

B (T, = 304.19 K, P. = 7386.0 kPa, triangles). The circles are from

twelve data points with og — 0.0280; squares—seven dats points—
o9 = 0.0985, and triangles—twelve data points—og — 0.0259,
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in the supplemental material. Figures 4 to 9 and Table 7
provide the more important results for these respective
data sets. NDM analysis failed for both helium A and
helium B. The scatter in the vapor pressure data of
helium A caused the interpolation routine to fail, while
the derivative data of helium B failed to provide a rea-
sonable fit to any line, regardless of the choice of ..
Likewise, scatter in both the oxygen A and oxygen B mea-
surements caused the interpolation routine to fail.

Because not all the lines, representing different ranges
of temperature, could be placed on Figures 4 to 9, a sum-
mary of 6 results follows. The weighted average value of
6 of 0.206 was within one standard deviation for all the
determinations for various temperature ranges for both
carbon dioxide A and B. With eight determinations for
ethane, 9 is 0.218, which is within three standard devia-
tions of each 8. The six determinations of ethylene B pro-
vide a @ of 0.205 or within four standard deviations of
each 4. All three methane determinations are shown on
Figure 7, with @ of 0.229 within one standard deviation
of each 6. The same five determinations were made with
water B as for water A with similar results. The weighted
average value of 0.240 was within one standard deviation

14 9
0.002 =< ; = 0.02 0.002 = 7 = 0.015
0.221 (0.034) 0.181 (0.058)
6.370 8.353
6.07 2.62
0.80 0.71

TaBLE 7. SUMMARY OF THE WEIGHTED AVERAGE VALUES

# WITH AVERAGE STANDARD DEVIATIONS o g
IN PARENTHESES

Compound NLS ML NDM
Carbon dioxide A 0.263 (0.101) 0.200 (0.046)
Carbon dioxide B 0.207 (0.011)
Ethane 0.235 (0.066) 0.197 (0.030) 0.218 (0.048)
Ethylene A 0.221 (0.047) 0.192 (0.004) 0.221 (0.019)
Ethylene B 0.229 (0.019) 0.233 (0.049) 0.205 (0.051)
Helium A 0.093 (0.037)

Methane 0.248 (0.063) 0.229 (0.014)
Oxygen A 0.258 (0 063)
Oxygen B 0.258 (0.063)
Water A 0.228 (0.074)
Water B 0.318 (0.052) 0.245 (0.046)
Weighted average 0.221(0.064) 0.192 (0.041) 0.217 (0.047)

Overall weighted average: 0.199 (0.052).
Overall numerical average: 0.225 (0.043).

of all ten values. Unlike the CFM, the average absolute
percent deviation generally increases as the temperature
range narrows (ethane and ethylene B are exceptions). Also
of interest is how 6 changes as the temperature range
narrows to too few data points (# can oscillate, decrease
monotonically, or increase monotonically). Ethylene A and
methane oscillate; carbon dioxide A and B, ethane, and
ethylene B each decrease; water A and B increase.
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10% x t

Fig. 5. Reduced vapor pressure slope for ethone (7. = 305.33 K,

P, — 4871.76 kPa): The circles are from thirty five data points

with g9 = 0.0039; squares—twenty five data points—oy = 0.0076;

triangles—fifteen data points~—cg = 0.0215, and diamonds—five
data points—og = 0.1419,

05 . '
o4r 1
0.3f 7
[
2 o2 1
+
S
> o 265344—2§1.844 K
V.o=6.358, §=0.2144
® 272.844—281844 K
oik , Veor6321, 6201594 _
T e
0.08 #, L Yegr 6702, 9701069
15 2 3 4 6 8 10 20
10% x *

Fig. 6. Reduced vapor pressure slope for ethylene B (T, = 282.344 K,

P. — 5039.0 kPa): The circles are from thirty four data points with

o = 0.0073; squares—nineteen data points—og = 0.0365, and
triangles—nine data points—ap = 0.0303.

L2F T T T 7
1.0r T
0.8 B
1 4
O 06r
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S
3> 04f 7
o 172.00-19000 K
i Veom 6.013, 8=0.2312
0.3 ——-m 17700—19000 K ]
5 ¢§O= 991, §=0.2ii5
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Fig. 7. Reduced vapor pressure slope for methone (T, = 190.53 K,

P. = 4595.7 kPa): The circles are from nineteen data points with

o9 = 0.0091; squares—fourteen data points—op — 0.0227, and tri-
angles—nine data points—ap — 0.0725.

DISCUSSION
Factors Affecting ¢

Obviously, the eritical temperature and critical pressure
influence ¢. However, comparison of the results from
Equation (13®) with those from Equation (13), as in
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___ o 630.30—646.80 K
Weo- 7.85, §=0.2261
—_.g 635.30-646.80 K
Vo= 786, 8=0.2422
++r8 640,30 —646.80 K
y.,=7.94, 8-0.3756

co

1 1 1 1

0.7 } 2 3 4 6 10
103 x ©

Fig. 8. Reduced vopor pressure slope for water A (T, — 647.30,
P, = 22128.7 kPa): The circles are from thirty four data points with

og 0.0295; squares—twenty four data points—aog — 0.0826, and
triangles—fourteen data points—og = 0.3344,
0.5 T T
0.4 ]
0.3 N
1<
o
+
3 0.2 -1
>
— o 63006-646.56 K
Yo 7.86, 8-02377
--——8 63506—646.56 K
- Veo- 7.88, §=02672 |
O word 64006 —646.56 K
o Y= 7.95, §=03832
0.08[3 1 1 1 ) 1 .
07 | 2 3 4 6 8 10

03 x
Fig. 9. Reduced vapor pressure slope for water B (T, — 647.06 K,
P. = 22062 kPa): The circles are from thirty-four data points with
gg = 0.0342; squares—twenty-four data points—oy = 0.0941, and
triangles—fourteen data points—aoe — 0.3308.

Table 5, has shown that small changes of T. up to four
parts in 10 000 have little effect, while changes of ten
parts per 10 000 will alter . In both cases, P, is adjusted
(by ¥¢) to remain on the vapor pressure curve. Slight
variation of P; holding T, fixed causes significant changes
in # as expected. Here, variation of P, by one part in
10 000 and even one part in 100 000 altered 4 by several
percent.

The temperature range (or maximum ) was found to
have a significant effect on 6§ regardless of the method
(CFM or NDM) or the equation assumed in the CFM.
The NDM results of Table 6 for ethylene A are an ex-
ample of the ideal case; the values of § merely scatter as
data points farthest from CP are removed, and oy in-
creases. The NDM results for methane and the NLS re-
sults with Equation (15) for methane, ethylene A, and
oxygen B, also exhibit this behavior. Another common
behavior is for ¢ to drift lower with diminishing tempera-
ture range but with oy also increasing sufficiently to stay
within three standard deviations of the highest 4. All the
remaining NDM results exhibited this behavior with  in-
creasing for water A and B. Also, oxygen A and helium A
(8 increasing) from the NLS with Equation (15) showed
this trend. Finally, carbon dioxide A, ethane, and ethylene
B with Equation (15) exhibited decreasing values of 4,
with standard deviations remaining sufficiently small that
the trend may be significant. The values of ¢ for the most
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narrow temperature band were 0.12, 0.23, and 0.21 for
the three compounds, respectively. Equation (15) con-
tains only one anomalous term, and a decrease of the ap-
parent § with reduction of data points is expected.

The results have shown conclusively that § does depend
on the equation selected with the CFM. The failure of
Equation (17) to converge (except for ethylene A) with
either NLS or ML is surprising because Hastings and
Levelt Sengers (1977) have found 6 to be in the range of
0.085 to 0.125 for ethylene B. Hastings (1977) has com-
municated to us a fit of ethylene A with Equation (17)
yielding § = 0.13, in close agreement with Table 2. Pos-
sible reasons why these workers are able to converge
Equation (17) whereas we cannot are difference of
weighting factors and difference of temperature range. In
particular, they fit vapor pressure and critical isochore
data simultaneously for roughly || < 0.1. The critical iso-
chore has little or no curvature, while the vapor pressure
curves considerably and definitely diverges at the CP.
Therefore, their procedure should promote convergence
of Equation (17) and decrease the value of #. The prin-
cipal problem with Equation (17), however, is inclusion
of the quadratic background term 72 which tends to blur
the leading anomalous term =9, The CFM program can-
not distinguish between 2 and 7! and provide multipliers
for these terms with reasonable standard deviations o4 and
o, respectively (see Tables 2 and 5).

Standard deviations for both the exponents o and on
and for the multipliers o; have been used extensively in
this work to indicate whether the exponents and multi-
pliers are meaningful. Low standard deviations and low
absolute average percent deviations are necessary but not
sufficient criteria for unique determination of 4 or the cor-
rect vapor pressure equation. Error bands placed on ¢
should reflect two or three standard deviations (95 and
999 confidence limits).

The Value of ¢

Table 7 supports the contention that 6 is a universal
constant o 5. Removal of these two compounds from the
NLS results provides—0— = 0.234 with o4 = 0.020. Our
final recommended value of 4 is 0.22 =+ 0.04 with
helium A and water B providing exceptions. The
low value of helium A also conflicts with a rough
study of helium B by the NDM. While the scatter of the
direct measurement of vapor pressure slope by Kierstead
(1971) is sufficient to cause failure of fit via Equation
(21), graphs similar to Figures 3 to 9 can be prepared
for different values of y.. An approximate ¥, of 3.9360
provides a straight line with a slope of 0.825 or § = 0.175.
The data appear to scatter randomly about this line. Use
of Yo = 3.9302 from Kierstead’s analysis provides a con-
vex upwards curve with 6 negative for the temperature
range of the last four data points. Uncertainties in the
practical temperature scales are far more significant for
helium than for the other substances considered here. The
high values of @ for water B (NLS) may be due to the
extended temperature range as r = 0.1 corresponds to

64.7 deg below the CP.

Theoretical Comparisons

A 6 of 0.22 + 0.04 is too high to equal the isochoric
heat capacity exponent o (%) from the lattice gas model.
Experimental values of o have risen historically from zero
in the early 1960’s to near () currently with 0.15
(Moldover, 1969) for *He as one of the highest values.

Likewise, # = 0.22 = 0.04 is too low to equal (1-28)
or 0.29 if 8 = 0.355. The latter value of 8 was widely
accepted until recently, when Hocken and Moldover

AIChE Journal (Vol. 24, No. 6)



(1976) obtained values of near 0.32 from analysis of
their optical measurements, and Hall and Eubank (1976)
proved that 8 equals 8 (the critical exponent of the heat
of vaporization) lest the Clapeyron equation be violated.
Values of g range from 0.35 to 0.41, with (3f) as an
average. Because the heat of vaporization is linear with -
on a logarithmic graph to + = 0.1, whereas the orthobaric
density difference is not, determinations of g are little
affected by higher-order terms.

A consistent set of critical exponents based upon ex-
periment isthen 8 = 33,0 =1 - 28 = ¥, A =1 — «
—B=(k),y=1+r—8=(9/8),and 8 = [(» +
1)/8] = 4. The weak singularity of r3-2(@*# predicted
by Nicoll et al. (1975) for the critical isochore is removed
with the isochore parabolic, These rough, apparent ex-
ponents should be uvseful in correcting equations of state
used in engineering calculations and the construction of
thermodynamic property tables for the critical region.
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NOTATION

ka; = general coefficients determined by minimization
of the objective function in the CFM
By, B; = coefficients determined by the NDM

C; = initial coeflicients

Cy = isochoric heat capacity

D, = analytic, background function of temperature

Dj, E = coefficients in the equation of Hastings and Levelt
Sengers

Dr = vapor pressure slope, dP,g/dr

E,, F, = coefficients for the anomalous terms of Equation
(8)

number of free parameters to be found in a par-
ticular equation

total number of data points

pressure, kPa

temperature, K

specific volume, m?®/kg-mol

weighting factor defined by Equation (22)

=
il

<Nz
TR

Greek Letters
critical exponent of the isochoric heat capacity

o =

B = critical exponent of the orthobaric density differ-
ence :

y = critical exponent of the isothermal compressibility

A = difference between experimental and calculated
value .

§ = critical exponent of the critical isotherm

7 = second order critical exponent of the vapor pres-
sure curvature .

6 = primary critical exponent of the vapor pressure
curvature

# = weighted average value of §

g = chemical potenual, kPa-m?/kg-mol

p = density, kg-mol/m?

o; = standard deviation of the coefficient *A;

oy = standard deviation of the quantity x

T = reduced temperature, (T, — T)/T.

Y. = dimensionless slope of vapor pressure curve at
the CP, see Equation (7)

Yeo = optimum value of y.
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Subscripts

¢ = critical point

eq = value calculated from the equation

i = data point counter

i = coefficient counter

B = reduced or dimensionless

o = experimental value along the coexistence curve

Superscripts

k = counter denoting particular vapor pressure equa-
tion

®* = combined coefficients of Equation (10)
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An Approximate Theory of Interfacial
Tensions of Multicomponent System:s:
Applications to Binary Liquid-Vapor Tensions

Formulas obtained by approximation of the rigorous expression for the
interfacial tension of multicomponent, polyatomic fluids are shown to pro-
vide accurate and simple estimates of the composition dependence of the
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surface tension of nonaqueous, binary solutions at low vapor pressures.
Similar formulas are recommended for multicomponent (that is, more than

two components) solutions,

SCOPE

From the Fowler model (1937) [also known as the
Fowler-Kirkwood-Buff (1949) model], an expression is
obtained relating interfacial tension of multicomponent
systems to quantities dependent on intermolecular pair
mconceming this paper should be addressed to H. T.
Davis,

0001-1541-78-1685-1010-800.75. © The American Institute of Chem-
ical Engineers, 1978.
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potential and pair correlation functions. As a special case,
a simple formula is obtained, relating surface tension to
composition at low vapor pressures. This formula, like
Eberhart’s (1966) and others, involves a parameter that is
difficult to determine theoretically, since pair potential
and correlation functions are not generally available. This
parameter was determined by a simplified model and by
fitting experimental data,
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